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Reduced-Order Nonlinear Analysis of Aircraft Dynamics

Gerard Leng*
National University of Singapore, 0511 Singapore

Results from nonlinear dynamical systéms theory are used in understanding flight dynamics at large angles
of attack and sideslip. For flight in this regime traditional methods of stability analysis based on linear systems
theory are of limited use. This is especially so in the identification of postcritical behavior. Instabilities encountered
at large angles of attack and sideslip such as pitch-up, nose-slice, and wing-rock are readily examined within
the context of bifurcation theory. Examples of nonlinear analysis using reduced-order models and a combined
symbolic/numerical computational approach are discussed and the robustness of the bifurcations to unmodeled

dynamics is examined.

Nomenclature
b,c = wing span and chord length
g = acceleration due to gravity
h = altitude
I.,I,, I, I,, = mass moments of inertia
L,DY = lift, drag, and side force
I,m,n = roll, pitch, and yaw moments
M = Mach number
P,O,R = normalized rotational rates
p.q,r = roll, pitch, and yaw velocities
qr = dynamic pressure
S = reference wing area
Vr = true air speed
w = weight
a B = angle of attack and sideslip
8a, de, 8r = aileron, elevator, and rudder deflection
€ = thrust orientation angle
W, ¥ X = bank, flight path, and heading angles
T = engine thrust setting
¢,0,¢ = roll, pitch, and yaw body Euler angles

I. Introduction

YNAMICAL phenomena are often modeled by systems of

differential, difference, or integral equations derived possibly
from some scientific principle or physical insight. Dynamical sys-
tems theory is a branch of mathematics concerned with the properties
common to these types of equations. A fairly well developed theory
for linear dynamical systems exists and forms the basis of much of
the mathematical analysis taught in the universities and practiced in
industry. Unfortunately, in physical applications, the class of linear
dynamical systems is an exception rather than the rule. Often nonlin-
ear models are conveniently “linearized” using ad hoc assumptions.
Analysis and design is then based on these simplified linear models.
For flight at low rotational rates and small to moderate angles of
attack and sideslip, aerodynamic forces and moments are predomi-
nantly linear functions. Hence classical linear longitudinal and lat-
eral models are valid. At large angles of attack and sideslip and high
rotational rates, nonlinearities in the kinematics and aerodynamic
forces and moments become significant and it is these nonlinear
characteristics that determine the pre- and postcritical behavior of
the aircraft. Clearly a linear analysis is inapplicable for this regime.
Indeed cases of nonlinear phenomena such as roll divergence, wing-
rock, nose-slice, stall/spin, poststall departure, and other instabilities
have been reported.!~® Analytical methods suggested for studying
these nonlinear phenomena range from perturbation expansions in
grams per volt,” pseudo-steady analysis where weight components
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are neglected,?® projection techniques,’~!! averaging, and normal
ging.

forms to extract the critical modes.'* For a computational approach,
continuation algorithms applied to the full six-degree-of-freedom
(DOF) system may be used to generate bifurcation diagrams.' In
the following section the full nonlinear equations of motion for
flight dynamics are stated together with relevant concepts from dy-
namical systems theory. This is followed by examples of nonlinear
bifurcation analysis on reduced-order systems containing the critical
dynamics. The utility of the reduced-order systems is then verified
with the time response from a full six-DOF simulation. Robust-
ness of the bifurcations with respect to unmodeled dynamics is also
discussed.

II. Equations of Motion: Six-DOF Model

The classical longitudinal and lateral models for a symmetric,
rigid aircraft are derived from a system of nine coupled, nonlinear
ordinary differential equations (ODEs) for three translational modes
{a, B, Vr}, three rotational modes, and three Euler angles {¢, 6, ¥}
or {y, i, x}. The nonlinear equations are as follows:

Translational motion:

o' =g — (rsina + pcosa)tan

— g{IT sin(a + &) + L]/ W — c1}/(Vr cos B) (1a)
B = psina —rcosa + g{[Y cos B — (T cos(a + &) — D)
x sin B}/ W — ¢}/ Vr (1b)

Vi = g({IT cos(e + &) — Dlcos B+ Y sin B}/ W —¢3) (lc)

where
¢ = cos(@ —a) — (1 —cos¢)cosbcosa
= COS [4COS ¥
c; = sin(@ — ) sin § + cos@sing cos
4+ (1 —cos¢)cosfsinasin
= sin L cosy
¢3 = sin(@ — o) cos B + cos@singsin B

+ (1 — cos ¢) cos O sinw cos B

siny

Rotational motion:

pr/ + (Iz - Iy)qr - Ixz(rl + PQ) =1 (2a)
L' + (I — I)pr — L.(r* — p*) = m (2b)
Izrl + (Iy - Ix)pq - Ixz(pl - qr) =n (20)
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Body axes orientation:

¢ = p+(gsing +rcos¢)tand (3a)
0 =qgcos¢ —rsing (3b)
¥ = (gsing — rcos @) sech 3c)

Or flight path axes orientation:

W = py + (qusin p + r, cos u) tan y (4a)
Y =qucosp —rysinp (4b)
X' = (qusin & — r, cos p) secy (4¢)

with
Pw = (pcosa +rsina)cos B + (g — ') sin B
qw = (—pcosa +rsina)sin B + (g — a’)cos B
ry = —psina +rcoso + g/

In general the aerodynamic forces {L,D,Y}, moments,
{{,m,n}, and thrust 7 are nonlinear tabular functions of
{e, B,a’, B/, h, M, p, q, r} and the control settings {3a, de, ér, }.
For the subsequent nonlinear (bifurcation) analysis it is necessary
that explicit function approximations be found for the section of the
tabular database where instabilities are expected to occur.

The analysis procedure for nonlinear ODEs consists of four main
steps. This procedure provides a rigorous basis for stability analysis
and avoids ad hoc assumptions like the small-angle approximations
(sina ~ 0, cos¢ ~ 1). Assume as given a system of ODEs in the
form

¥ =fx N (5)

where x is a vector of state variables and X represents the system
parameters.
Step 1. Find the fixed (equilibrium) points (xp, Ag) of the system:

0 = f(xo, Ao) (6)

Step 2. Determine the stability of the fixed points from the eigen-
values of the Jacobian matrix J (linear analysis):

_|¥
J - [8x ilx:xo,)»=)»g (7)

Provided the Jacobian matrix is nonsingular, this step also provides
a linear model valid for small perturbations Ax about the fixed point
(0, Ao)™:

Ax' = [J(xo, Ap)]Ax 8)

Step 3. If the system changes its stability, identify potential bifur-
cation points:
a
det—f— =0 ©))
ox
Step 4. Determine the postcritical behavior using bifurcation the-
ory (nonlinear analysis):

AY = [J1Ax + AxT1]]Ax 4 -+ (10)

For flight dynamics, step 1 is related to the problem of trimming
the aircraft; i.e., for different altitudes and air speeds, find suitable
control settings {8a, e, dr, w} so that no net forces and moments
act on the aircraft.

Step 2 is concerned with the flying qualities of the aircraft. For
example, for piloted military aircraft; MIL-F-8785C specifies ac-
ceptable values for these eigenvalues. This step also provides a
mathematically correct linearization and emphasizes that the lin-
ear model is local (restricted to a neighborhood of the trim point).

Step 3 deals with the situation when the trim point is on the verge
of instability (critical). This is indicated by eigenvalues crossing
the imaginary axes in the complex plane. The states and parameter
values at which the crossing occurs specify the bifurcation point.
Typically the loss of stability occurs at large angles of attack and /or
sideslip. When this happens, the linear model is no longer applicable
since the aircraft will not remain within the local neighborhood of
the trim point.

Whether the aircraft will settle into a new equilibrium after a
bifurcation requires study of the nonlinear terms. In step 4 tech-
niques from bifurcation theory can be used to determine the post-
critical behavior without numerical simulation. Techniques like the
Lyapunov—Schmidt method, the center manifold theorem, normal
forms, and the method of averaging decompose the system into sta-
ble and critical modes often with a reduction in the dimension of
the problem.!*™*® In the following examples, a simpler and more
intuitive approach is used to extract the essential dynamics of the
system. The utility of these simple models in predicting nonlinear
phenomena such as pitch-up, wing-rock, nose-slice, and roll/yaw
divergence is then investigated.

III. Nonlinear Analysis Tools

For this investigation the Hopf bifurcation theorem form dynam-
ical systems theory is required.'” The theorem is concerned with a
loss of stability characterized by the crossing of a pair of complex
eigenvalues. Consider the two-dimensional oscillatory system

x = eA(p)x — wy + f(x,5) (D
Y = wx +er(u)y + gx, y) (12)

where A(uo) = O at the bifurcation (critical) point and f(x, y),
g(x, y) consists of nonlinear terms in x and y. Using a series of
near-identity transformations, the theorem proves that close to the
bifurcation point the amplitude of the oscillation, r, is governed by

r=[er(u) + arir? (13)

The coefficient g is related to the system nonlinearities as follows:
a= %(fxxx + fxyy + 8xxy + gyyy) + [fxy(fxx + fyy)

- gxy(gxx + gyy) - fxxgx.\’ + fyygyy]/16a) (14)

and the partial derivatives are all evaluated at the bifurcation point.
Equation (13) is referred to as the normal form for the Hopf bifurca-
tion. The postcritical behavior [i.e., A() > 0] is either 1) sustained
oscillation or 2) divergent oscillation, depending on whether the co-
efficient a is negative or positive, respectively.

In the event that additional stable modes are present, it can be
shown rigorously that these stable states in the critical equations may
be ignored.'® This corresponds to the intuitive notion that the stable
variables will ultimately decay and hence will not contribute to the
dynamics of the critical modes. Extraction of the critical modes from
an nth-dimensional system and computation of the normal form is
best accomplished using a symbolic manipulator.'®

IV. Longitudinal Dynamics

For the first example, a simplified model of the longitudinal dy-
namics will be used. It will be assumed that 8 = p = r = da =
dr = 0 and that the thrust setting is adjusted for level flight at con-
stant air speed. The flight dynamics is then governed by a nonlinear
short-period approximation:

o =g —gl(T sina + g7 SCL)/W — 1]/ Vr (15)
q' =qrScCu/ly (16)

where the lift and pitching moment coefficients C; , C,, are nonlinear
functions of &, g, and 8e. The function approximations obtained are

CL = a[4.45754+a(—10.59220 —0.5566345¢)]+1.023028¢ (17)
C,, = 0.0170477 4+ (—0.333791 + 0.995578¢)

—1.6478¢ — 0.075¢ (18)
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Fig. 1 Lift coefficient.
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Fig. 2 Static pitching moment coefficient.
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Fig.3 Fixed-point angle of attack o as function of elevator setting.
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Fig. 4 Fixed-point pitch rate ¢ as function of elevator setting.

These coefficients are shown in Figs. 1 and 2. The fixed points are
obtained by solving o’ = 0, ¢’ = 0, for different elevator settings.
These are plotted in Figs. 3 and 4. The stability of the fixed points
are then determined by the eigenvalues of the Jacobian matrix J.
Figure 5 shows the real part of the complex eigenvalues as a func-
tion of elevator setting. It also indicates that a loss of stability will
occur for —0.12 < de < —0.11. A more precise location of the
bifurcation point can be obtained by solving the equation 7T[J] = 0
together with o’ = 0 and ¢’ = 0 for «, ¢, Se(e = 0.463,9 =
—0.009, 8¢ = —0.115). This loss of stability that occurs through
the crossing of a complex pair of eigenvalues indicates the presence
of a Hopf bifurcation. Physically this means that sustained or di-
vergent oscillations in @ and g will be observed. The postcritical
behavior (for §e > —0.115) is now determined by the Hopf bi-
furcation theorem. Bringing the equations to normal form yields a
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Fig. 5 Bifurcation diagram: real part of short period eigenvalues as
function of elevator setting.

Fig. 6 Postbifurcation flight trajectory for ¢ = —0.12 rad.

positive cubic coefficient (a ~ 0.37). Hence, according to the Hopf
bifurcation theorem, the oscillations will be divergent.

Deflection of the elevators can cause the aircraft to pull up or push
over into a loop. This will lead to changes in altitude and air speed.
Hence it is necessary that we examine the robustness of the Hopf
bifurcation, i.e., whether results obtained from the reduced-order
approximation carry over to the full six-DOF model. In Fig. 6 the
six-DOF trajectory just after bifurcation (8¢ = —0.12rad ) is shown.
It can be observed that the divergent oscillations in « have led to
stall with a sharp loss of altitude. Thus a reduced-order nonlinear
analysis provides a useful indication of the six-DOF dynamics.

V. Lateral Dynamics

In the second example bifurcation theory will be used to detect
the presence of an oscillatory instability call wing-rock. Assuming
that the flight vehicle is trimmed for level flight at constant air speed,
ie,q =o' =h' = V; =0, the governing equations are

B' = psina — rcosa + g[¥Y/(Wcos 8) +sinul/ Ve (19)

Lp — L, =1 (20
Izr/ - Ixzp/ =n @n
W = (pcosa +rsina) cos B (22)

Note that typically it is further assumed that u ~ ¢, ¢’ = p, and the
small-angle approximations sina 2~ Oand cosa & 1 are used. For
large angles of attack and sideslip these assumptions are not applica-
ble. The aerodynamic model obtained by functional approximation
for the chosen flight conditions (§a = 8r = 0 ) takes the form

Y =¢g7r5Cy )
Cy = —B(0.26 + 0.22x + 4.288%) + Cy, (a) P (
| = qrShC
qr 1 24)
C = —L1ldaB + Cip(@) P + C(@)R
n =qrShC,
qr 25)

C, = B(0.14 + 0.520: + 5.48%) + Cpp (@) P + Cr ()R
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Fig.7 Lateral dynamic derivatives as function of angle of attack.
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Fig.8 Bifurcation diagram: real part of Dutch roll eigenvalues as func-
tion of angle of attack.

The dependence of the dynamic stability derivatives on the angle
of attack is shown in Fig. 7. The magnitude of the roll damping
derivative C;, decreases with angle of attack and is a likely cause of
instability. It is easily verified thatthe origin (B =p=r =u =0)
is a fixed point. The variation of the real part of the complex Dutch
roll eigenvalues with the angle of attack is shown in Fig. 8. The
Dutch roll mode becomes unstable at o & 0.289. The postcritical
behavior can be determined by ignoring the stable roll and spiral
modes and applying the Hopf bifurcation theorem to the Dutch roll
modes alone. The normal-form computation yields a ~ —0.0876,
indicating that sustained oscillations (wing-rock) will be present
for ¢ > 0.289. For the six-DOF simulation, trimmed level flight
was first achieved before a 0.1-rad perturbation in the sideslip angle
was applied. Unlike the previous example a gradual loss of stability
with sustained oscillation in the roll rate and angle was observed for
o« > 0.29 rad.

VI. Conclusion

In this study it is shown that a nonlinear (bifurcation) analysis
may be carried out on reduced-order models derived from physical
insight. This approach avoids the involved algebraic manipulations
required by direct application of the averaging theorem, the center
manifold theorem, and other similar methods to the full six-DOF

system. Furthermore the bifurcations predicted by the reduced-order
method were found to be robust to unmodeled dynamics of the sta-
ble modes. Useful guidelines to the six-DOF nonlinear dynamics
can thus be derived without extensive parameter sweeps/numerical
simulation or the requisite computation associated with continua-
tion methods.
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